We find a one parameter family of Lagrangians, describing Einstein's general relativity in terms of tetrads which are not c-numbers but obey exotic commutation relations. The noncommutativity completely drops out at the level of the metric theory, where the Christoffel symbols and the components of the Riemann tensor are ordinary numbers and have the usual form in terms of the space-time metric tensor. : 04.20, 11.30.Cp, The traditional theory of general relativity, where the metric tensor is the basic dynamical variable, combines the mathematical structure of Riemannian geometry with the physical insight of the principle of equivalence. Other formulations of gravity replace the metric tensor with another set of fundamental field degrees of freedom, with the hope of facilitating the quantization of the theory. In particular, in the Einstein-Cartan formulation the fields are the components of the connection one forms of the Poincaré group, which correspond to tetrads and spin connections. Apart from its usefulness as a computational tool, this kind of formulation of gravity has several advantages. In this framework a canonical formalism has been constructed [1] where constraints are only polynomial in terms of the phase-space variables -a substantial simplification over what happens in the canonical description of the traditional theory. Further,
PACS: 04.20, 11.30.Cp, 11.15.-q The traditional theory of general relativity, where the metric tensor is the basic dynamical variable, combines the mathematical structure of Riemannian geometry with the physical insight of the principle of equivalence. Other formulations of gravity replace the metric tensor with another set of fundamental field degrees of freedom, with the hope of facilitating the quantization of the theory. In particular, in the Einstein-Cartan formulation the fields are the components of the connection one forms of the Poincaré group, which correspond to tetrads and spin connections. Apart from its usefulness as a computational tool, this kind of formulation of gravity has several advantages. In this framework a canonical formalism has been constructed [1] where constraints are only polynomial in terms of the phase-space variables -a substantial simplification over what happens in the canonical description of the traditional theory. Further, when formulated in terms of tetrads and spin connections, the gravity can readily be coupled to spinorial matter sources, and it admits the generalization to theories with torsion. On the other hand, when torsion is absent, gravity formulated in terms of tetrads and spin connections is completely equivalent to the metric theory. The Palatini action and corresponding equations of motion giving the dynamics for Einstein-Cartan theory can be reexpressed in terms of the metric tensor and the Riemannian curvature, where tetrads and spin connections completely drop out.
The purpose of this letter is to generalize the Einstein-Cartan formulation of gravity to a one-parameter family of formulations. In the latter the field degrees of freedom are the components of the connection one forms of the quantum (or q-) Poincaré group. Here q denotes a real, dimensionless parameter. The Einstein-Cartan theory corresponds to one special case of this family of theories, where q = 1. We find that for each value of q a consistent gravity theory can be defined and all of them turn out to be equivalent to Einstein gravity when torsion is absent. Only matter sources yielding a nonvanishing torsion distinguish the different classical theories.
Concerning the equivalence with traditional general relativity, once the metric tensor is given as an appropriate bilinear in the tetrad fields, all the usual quantities relevant for Riemannian geometry can be recovered. The main novelty is that tetrads and spin connections are not ordinary fields, as they do not commute among themselves, already at the classical level. They obey commutation relations inherited from the underlying quantum Poincaré group. Remarkably, the relevant fields of the metric theory, such as Christoffel symbols and the Riemann tensor, turn out to be ordinary commuting fields. The metric sector of the theory is then traditional gravity. This situation is somewhat analogous to the case of classical fermionic field theories where commuting Dirac currents are constructed as bilinears in noncommuting fields.
While the classical dynamics is not sensitive to the noncommutative nature of the underlying gauge fields, the canonical description is, and hence so is the quantization. We shall show elsewhere [2] that the formalism presented here leads to a one-parameter family of canonical formalisms, potentially leading to inequivalent quantizations of the classical system.
Before discussing the q-Poincaré theory it is useful to briefly review the description of general relativity as a Poincaré group gauge theory. The Poincaré group ISO(3, 1) may be parametrized by a Lorentz matrix ℓ ab and Lorentz vector z a , a, b = 1, ...4. The former satisfies the constraints of the connected Lorentz group
where η ab is the Lorentz metric. The associated Lie algebra is spanned by ten generators T i , which we split into M ab (the Lorentz generators) and P a (the translation generators), satisfying
On the space of commutative functions generated by ℓ ab and z a (the Lie group manifold), one can construct the usual differential geometry of Maurer-Cartan forms on the Poincaré group. The Maurer-Cartan forms can be elevated to connection one forms A(x), yielding the covariant derivative
A µ (x) being the space-time components of A(x). A µ (x) may be split into spin connections ω µ (x) = ω ab µ (x)M ab and tetrads (or vierbeins) e µ (x) = e a µ (x)P a . D µ is covariant with respect to infinitesimal gauge transformations of the form
where the gauge parameters τ ab = −τ ba and ρ a are associated with Lorentz transformations and translations, respectively.
The field strength tensor is given by
which may be split into the Lorentz curvature R ab µν (x)M ab and the torsion T a µν (x)P a , where
The dynamics of the theory is determined by the Palatini action
which is invariant under local Lorentz transformations. Here e ≡ det e a µ and e µ a denotes the inverse of the tetrad fields. By taking variations with respect to the tetrads and spinconnections we obtain the equations of motion:
To recover Einstein's theory one introduces the space-time metric
which is symmetric and gauge invariant with respect to local Lorentz transformations. The Christoffel symbols Γ σ µν are then defined by demanding the covariant derivative of the vierbeins
This amounts to identifying the spin connection components with the Ricci rotation coefficients. The torsion being zero is consistent with the Christoffel symbols being symmetric in the lower two indices.
One can eliminate the spin connections from (10), multiplying it by η ab e a ρ , summing over the b index, and symmetrizing with respect to the space-time indices ν and ρ. The result is
Adding to this the equation obtained by switching µ and ν, and subtracting the equation obtained by replacing indices (µ, ν, ρ) by (ρ, µ, ν), it is possible to isolate Γ σ µν according to
By applying the inverse metric tensor one finds the usual form of the Christoffel symbols.
Finally, by defining the Riemann tensor by means of
where v µ is an arbitrary covector, it is possible to find its relation with the Lorentz curvature:
It then immediately follows that the action (7) takes the usual Einstein-Hilbert form
where g ≡ det g µν and R is the scalar curvature R = R νµρ µ g νρ . The equations of motion now
where T a µν = e a ρ T ρ µν .
This discussion can be easily extended to take into account spinless matter. The matter action has to be added to (7), so that the right hand side of the first of equations (8) will be proportional to θ a µ =
∂L ∂e µ a
, which is strictly related to the energy-momentum tensor, while the second equation is unchanged. Then the right hand side of (17) is proportional to the energy momentum tensor T µν = g ρν e ρ a θ a µ .
We next show that the equivalence between Poincaré gauge theory and Einstein gravity can be extended to the case where ISO(3, 1) is replaced by the quantum Poincaré group ISO q (3, 1). In the latter, the Lorentz vector z a and Lorentz matrix ℓ ab are no longer ordinary c-numbers. Rather, they obey nontrivial commutation relations. The quantum group is identified with the algebra of noncommutative functions on ISO(3, 1) generated by ℓ ab and z a . (We refer to [3] for a pedagogical view on quantum groups and the corresponding differential calculus.) To be more specific, the matrix and vector components obey the following commutation relations
where
and all other commutation relations are trivial. Here we take the Lorentz metric tensor to be the following off-diagonal matrix:
Then the commutation relations (18) are consistent with the Lorentz constraints (1) due in part to the identities
where ǫ abcd is totally antisymmetric. ISO q (3, 1) thus contains the undeformed Lorentz group.
From the commutation relations (18) the space spanned by ℓ and z is not an ordinary group manifold. Nevertheless, it is possible to build a covariant differential calculus on it, constructed in complete analogy with the one on ordinary Lie groups, though merely in algebraic terms [4] . The analogue of the Lie algebra, the quantum Lie algebra, is described by the commutation relations
where T i are the generators, Λ kl ij the braiding matrix elements and C k ij are the q-structure constants. For the q-Poincaré group the only non-zero elements of the braiding matrix Λ kl ij are given by
with all other components vanishing. In terms of the Lorentz and translation generators, M ab and P a , (22) is then expanded to
where [α, β] s ≡ αβ − sβα. Eqs. (24) reduce to (2) for q = 1. For each value of q the quantum Lie-algebra contains the undeformed Lorentz algebra.
The associated gauge fields, i.e. the components of the tetrads and spin connections, inherit a noncommuting structure, i.e. they cease to be c-numbers. Instead they satisfy the commutation relations 
(In constructing the algebra of the corresponding one forms, we assume that space-time is spanned by commuting coordinates x µ , on which one has the usual differential geometry, i.e. dx µ ∧ dx ν = −dx ν ∧ dx µ .) Although, the infinitesimal gauge transformations are once again given by (4), the gauge parameters τ ab and ρ a are now noncommuting, obeying commutation relations consistent with (25). We also keep eqs. (5) and (6) as definitions of the Lorentz curvature and torsion, although here and in what follows the ordering is critical. Starting from (25), one can check that R cd νρ and T a νρ have the same commutational properties as ω cd τ and e a τ , respectively [2, 5] .
We are now faced with the problem of writing down an action which is invariant under local Lorentz transformations. We also require that it be a deformation of (7). For this we see that we need a definition of inverse vierbein matrices e a µ which is consistent with the new algebra of gauge fields introduced above. This requires that we enlarge our algebra by a new element e −1 such that
and
where e is the determinant of e a µ , e = ǫ µνρσ e 1 µ e 2 ν e 3 ρ e 4 σ . Eq.(27) is consistent because its left hand side commutes with everything, due to eqs.(26). Moreover, one can check that e −1 e = ee −1 . The inverses of the vierbeins can now be written:
where the totally q-antisymmetric tensorǫ abcd is defined aŝ
One can then prove: e 
We can then introduce the 'q-Palatini' action: 
This turns out to be invariant under local Lorentz transformations (4) . It reduces to the Palatini action (7) when q = 1.
The action (31) gives the dynamics for the one-parameter family of gauge theories. We will now show that it is equivalent to the Einstein-Hilbert action. The first step is to construct the space-time metric tensor as a bilinear in the tetrads. As before, we demand that is symmetric in the space-time indices and invariant under local Lorentz transformations. It should also be a deformation of (9). These requirements are satisfied by
Notice that although different components of the metric tensor commute amongst themselves they are not ordinary numbers due to nontrivial commutation relations with the tetrads and spin connections
However, as we shall see shortly, the components of the Christoffel symbols and the Riemann tensor, whose expressions in terms of the metric (32) turn out to be the usual ones, commute with all other fields, so that they can be taken to be c−valued functions.
To obtain the expression for the Christoffel symbols we proceed as in the undeformed case, i.e. we require that (10) holds true. We now eliminate the spin connection by multiplying (10) on the left by q ∆(a) η ab e a ρ . The result is once again (11), with the ordering being critical. Proceeding as in the undeformed case and recalling the expression for the metric (32), we again arrive at (13). Defining
it can be checked that g µρ g ρν = g νρ g ρµ = δ µ ν , and hence g µν is the inverse metric. Multiplying (13) on the left by g µν we finally get the usual expression of the Christoffel symbols. Note that this resemblance is not just formal, as it can be checked that Γ σ µν commutes with everything, though being constructed in terms of noncommuting objects. Hence they are ordinary cnumbers.
Let us now turn to the Riemann tensor. We define it as in the undeformed case, i.e. (14). Using eq. (10), the relation of the Riemann tensor to the Lorentz curvature is again (15). It can be checked directly that the components of the Riemann tensor commute with everything.
The last task is to show that the dynamics described by the q-Palatini action (31) is identical to that of the Einstein equation in the vacuum. (The identification can be generalized to the case where the theory interacts with spinless matter sources [2] .) We proceed as in the undeformed case, showing that (31) is equivalent to the undeformed Einstein-Hilbert action. Then the equations of motion follow trivially. We eliminate the spin connection from eq.(31) using its expression in terms of the Riemann tensor (15). We have:
where we have made use of (30). After some algebra the determinant of the metric can be shown to be g ≡ det g µν = −q −6 e 2 .
Substituting (35) and (36) into (31) we see that the q-Palatini action becomes equal to the Einstein-Hilbert action (16). Since the components of g µν and its inverse all commute amongst themselves, it is clear that the equations of motion for the metric theory will be equal to those of the undeformed Einstein's theory in vacuum.
Summarizing, our results show that descriptions of Einstein's general relativity are available in terms of noncommuting tetrads, the Einstein-Cartan description corresponding to the simplest choice q = 1 and they lead to the usual metric theory. From (33) the metric tensor, while commuting with Christoffel symbols and Riemannian curvature, turns out not to be a c-number. However, since the metric tensor is not directly measurable, the noncommutative structure cannot be detected at the classical level. The noncommuting structure does however appear in the Hamiltonian formalism, where it gives rise to a one-parameter family of canonical structures which are inequivalent to the ordinary one. 
